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Abstract 



If a linear combination of k smooth vector fields is zero at a point, then, generi- 
cally, near this point there are small cycles comprised of segments from the flow 



of each vector field. This answers a question posed in arXiv:math/0504365 
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1 Definitions and Results 



Vector fields 

Vj:R n ^R"forj = l,...,/c 

induce flows 

Fj(x.,t) :R°xM^ R". 

A point x € R™ is a K-stasis point if 

k 

^TOjVj(xo) = 
3=1 

for some probability weighting (mi, . . . , m^); where each mj > and J2 m j = 1- 
The stasis point is regular if 

NT* dY U s 

l^ m 3^(xo) 

3 = 1 

is non-singular. 

A K-cycle is a sequence of points xi, . . . ,Xfc in R™, and a sequence of times 
(Si, ... , 5k) with each 5j > 0, such that 

Fi(xi,5i) = x 2 
F 2 (x2,S 2 ) = x 3 

F fe (x fe ,4) = xi. 



We have the following theorem. 



Theorem 1 7/x is a regular K-stasis point with weighting (mi, . . . , mfe) then 
for all sufficiently small S > there exists a K-cycle with the time vector 
(5mi, . . . , 5m k ). 
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Proof: 



Without loss of generality take x = 0. Define 

T : K" x • • • x M™ xM 



as an average velocity 



.F(xi, ...,x k ,S) = 



(Fi(xi,<5mi) - xi' 



(F fe (x fe ,(5m fe ) - x fe ) 



Note that T is C 1 near (0, . . . , 0, 0), and that for S = 0, 



<9x,, 



<9V ■ 

J 7 (xi,...,x fc ,0) = m J -^-(x J ) 



Now 



with 



/ J"(xi, . . . ,x fe ,5) \ 
Fi(x!,(5mi) - x 2 

F 2 (x 2 ,<St7J 2 ) - X 3 

\ Ffe_i(x fe _i,(5m fe _i) - x fe J 



( J"(xi, . . . ,x fe ,(5) \ 
Fi(xi,(5mi) -x 2 

y Ffe_i(x fe _i,^m fe _i) -x fe J 



By the implicit function theorem, 

/ J"(xi, . . . ,x fe ,(5) ^ 
Fi(xi,<5mi) - x 2 

y Ffe_i(xfe_i,5mfe_i) - Xfe J 



x • • • x 



V / 



(O,...,0,0) 



V° J 



(xi,...,x fe ,5) 
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will have solutions 

Xi(5), . . . ,x fe (d) 
for small non-zero J provided that the nk x nfc matrix 



9J r (xi,...,x fc ,(5) 
dxi,...,Xfc 

3(Fi(xi,imi)-x 2 ) 
Sxi,...,x fc 



9(Ffc-i(x fc -i,^m fc _i)-x fc ) 
9xi,...,x fe 



(O,...,0,0) 



is non-singular. 



This evaluates to 



9Vi 

i 
o 



3V 2 
Ox 



m 3 



av 3 






-I 



(O,...,O,0) 



This matrix is singular iff X^=i m j"isr(0) ^ s singular, and the result follows. 
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